Density functional plus dynamical mean field calculations are used to show that in transition metal oxides, rotational and tilting (GdFeO3-type) distortions of the ideal cubic perovskite structure produce a multiplicity of low energy optical transitions which affect the conductivity down to frequencies of the order of one or two millivolts (terahertz regime), mimicking non-Fermi-liquid effects even in systems with a strictly Fermi liquid self-energy. For CaRuO3, a material whose measured electromagnetic response in the terahertz frequency regime has been interpreted as evidence for non-Fermi-liquid physics, the combination of these band structure effects and a renormalized Fermi liquid response accounts for the low frequency optical response which had previously been regarded as a signature of exotic physics. Signatures of non Fermi liquid in the higher frequency range (∼ 100 meV) are discussed.
Fermi liquid theory provides the canonical picture of metals; observation of deviations from Fermi liquid behavior is thus of intense interest as a potential indication of novel physics. The defining feature of a Fermi liquid is the existence of electron-like quasiparticles whose low temperature and frequency properties are characterized by an effective mass that is independent of frequency and a scattering rate that is parametrically smaller than frequency or temperature (typically varying as ω 2 or T 2 ). The perovskite ruthenate CaRuO 3 has been the subject of considerable attention in this context because its frequency dependent conductivity has been reported [1, 2] to vary as a power of frequency with exponent less than unity. The anomalous dependence extends to very low frequencies of the order of 1 THz (∼ 4 meV) [2] , and has been interpreted as indicating a breakdown of Fermi liquid physics in this material. Similarly interpretations have been given of non-Fermi-liquid behavior in SrRuO 3 [3] . On the other hand, recent dc transport measurements in CaRuO 3 found quantum oscillations and a quadratic temperature dependence of the resistivity [4] below 1.5 K -characteristic of a Fermi liquid. The link between the frequency-dependent and dc transport measurements has not been established and a model accounting for the optical conductivity is not known.
In this paper we present density functional (DFT) plus dynamical mean field (DMFT) calculations which indicate that band structure effects associated with octahedral rotations of the ideal perovskite crystal structure produce optically active interband transitions which contribute to the conductivity on scales as low as 1 THz (∼ meV) and can mimic non-Fermi-liquid physics. We suggest that at THz scales the physics of CaRuO 3 is in fact Fermi-liquid-like and quantify the departures from Fermi liquid physics that occur at higher scales. While the specific application we present is to the currently interesting material CaRuO 3 , our conclusions are more generally valid.
We begin by recapitulating the standard arguments relating optical conductivity σ(Ω) and electron self-energy Σ(ω). The discussion may conveniently be framed in terms of an approximation due to Allen [5] :
Here f is the Fermi function and the denotes complex conjugation. Eq. (1) is expected to be reasonable when interband transitions are neglected. In a simple Drude metal, Σ = −i/(2τ ) with 2τ the time between scatterings of electrons off of impurities. Using this self-energy in Eq. (1) yields the familiar Drude conductivity σ(Ω) ∝ τ /(1 − iΩτ ). In a non-Fermi liquid such that Σ(ω) ∼ ω x with x < 1 one has |Σ(ω)| > |ω| at low frequency, so that the term proportional to Ω in the denominator of the argument of the integral in Eq. (1) may be neglected. A scaling analysis of Eq. (1) then shows that for small Ω, σ ∼ Ω −x , with the divergence cut off by temperature. The somewhat more involved case of a Fermi liquid is discussed in Refs. 6-8. We compare expectations based on the Allen formula to realistic calculations of the frequency dependent conductivity of CaRuO 3 . This material crystallizes in a GdFeO 3 -distorted version of the ideal cubic perovskite structure. In the ideal cubic perovskite structure there are three near-Fermi-surface bands derived from the three t 2g states. The GdFeO 3 -distorted structure has four Ru ions in the unit cell, leading to 12 t 2g -derived near-Fermi-surface bands. These t 2g -derived bands are the eigenvalues of a Hamiltonian matrix H 0 (k) with k a wavevector in the first Brillouin zone. electron-electron interactions may be encoded in the selfenergy Σ(k, ω), also a matrix, so that electron propagation in the t 2g -derived bands is described by the N × N matrix Green function (N = 3 for the cubic structure and 12 for the experimental one):
If the momentum dependence of the self-energy is weak relative to the frequency dependence, "vertex corrections" are unimportant and the frequency dependent conductivity is determined from the Greens function via
The matrix current operator J k is derived in a standard way from H 0 (k) (note that in systems with more than one atom per unit cell, care must be taken to use a basis in which each atom acquires the Peierls phase appropriate to its physical position within the unit cell [9, 10] ). The trace is over momentum and band indices. In our calculations, the four-dimensional integral (in frequency and momentum space) is performed using Gaussian quadrature with 60 points in each direction. The Allen formula [Eq.
(1)] may be derived from Eq. (3) if the matrices are diagonal (no interband transitions) and the energy dispersion is large compared to the self-energy so that the integral over the magnitude of the momentum may be performed by a pole approximation.
We obtained H 0 (k) and J k for both the ideal cubic perovskite structure (lattice constant a 0 = 3.84Å) and the experimentally observed structure (atomic positions from Ref. 11) by using maximally localized Wannier function techniques [12, 13] to project the KohnSham Hamiltonian found from a spin-unpolarized density functional theory (DFT) band calculation onto the nearFermi-surface states. The calculations were performed using Quantum ESPRESSO [14, 15] with a k mesh of 13 × 13 × 13 and cutoff frequency 30 Ry. The projection to the near-Fermi-surface bands was performed using the wannier90 code [16] .
We obtained Σ(ω) from single-site dynamical mean field (DMFT) calculations performed using the H 0 (k) corresponding to the experimental structure of CaRuO 3 . In the DMFT approximation the self-energy is local so Σ is block diagonal in the Wannier basis of orbitals localized on the Ru sites. On each site an orbital basis may be found for which the self-energy is, to a very good approximation, orbitally diagonal. A simple rotation relates the optimal basis on one Ru site in the unit cell to that in another. The important part of the self-energy is thus a 3 × 3 diagonal matrix and the three components of the self-energies turn out to be similar. Our DMFT calculations use the hybridization expansion version of continuous-time quantum Monte Carlo method [17] implemented in the TRIQS package [18] , along with the standard rotationally invariant form of the SlaterKanamori interaction with U = 2.3 eV and J = 0.4 eV Also displayed is the conductivity computed for hypothetical cubic structure and from the Allen formula, using the same DMFT self-energy as used in the experiment structure calculation. The dashed line is a guide to the eye indicating the power-law behaviour ∼ ω −0.5 , corresponding to the frequency dependence reported in the mid-IR frequency range [1] . Inset (a): optical conductivity calculated using DMFT self-energy for experimental structure and cubic structure compared to a calculation (dashed lines) for the experimental structure but with a pure Fermi-liquid self-energy [Eq. (4) and temperature set to 2.5 meV ∼ 30 K. The momentum integral in the DMFT self-consistent loop is calculated using Gaussian quadrature with 26 points in each direction. The resulting imaginary-time self-energies are continued using the Pade method [19] . The U and J parameters are close to those found in previous studies for Sr 2 RuO 4 [20, 21] and very recent studies of SrRuO 3 and CaRuO 3 [22] . However, the precise values are not important here: our goal is not to model the materials in quantitative detail but rather to uncover general features.
The main panel of Fig. 1 presents the normalized conductivity calculated using Eq. (3) with H 0 (k), J k and Σ appropriate to the experimental structure of CaRuO 3 . The conductivity in the mid-infrared regime (5 meV Ω 250 meV) appears to vary as a power law ∼ ω −x with x in the range 0.4 − 0.6, similar to the power law reported experimentally [1] . The lower inset compares the calculated conductivity to the most recent experimental data of Ref. 4 . These data come from samples with significantly lower impurity scattering than samples studied earlier [2] . The quantitative correspondence between calculation and data is good. Also shown in Fig. 1 is the conductivity obtained using the H 0 (k) and J k corresponding to the ideal cubic structure (while keeping the same self-energies as for the real structure) and using the Allen formula [Eq. (1)] again for the same self-energies. (The Allen formula result is obtained as an equally weighted sum over three terms, one for each diagonal entry in the self-energy matrix). The cubic and Allen results differ from the realistic-structure results in several important ways. In the THz and subTHz regime (ω ∼ 1 − 10 meV) the cubic/Allen results exhibit a much more rapid rolloff from the dc plateau. In the mid-IR (ω ∼ 100 meV) regime the cubic/Allen results exhibit an approximate plateau, in contrast to the smoother behavior seen in the realistic calculation.
These characteristic features of the Allen/cubic results are expected in the standard Drude/Fermi liquid picture of the optical conductivity of conventional systems, and differences from these behaviors are interpreted as evidence of non-Fermi-liquid physics. But because the self-energy used in the three calculations are exactly the same, the difference between the cubic structure/Allen formula results and the experimental structure calculations is not a self-energy effect and does not correspond to non-Fermi-liquid physics. To document this further, we display in an inset of Fig. 1 the result of using a pure Fermi-liquid self-energy in the optical conductivity calculation of the orthorhombic structure. This hardly changes the final result up to a frequency ∼ 50 meV. It is only at higher frequencies that the functional form of the self-energy has a significant effect on the conductivity.
To understand the origin of the apparent non-Fermiliquid conductivity we first observe that the key approximation of the Allen formula is the neglect of interband transitions. The difference between the experimental structure results and the Allen formula results thus arises from optically active interband transitions, which are seen to affect the conductivity down to scales as low as 1 THz. To explicate the origin of these transitions we present in Fig. 2 our calculated band structures along high symmetry directions of the Brillouin zone. The top panel shows the near-Fermi-surface bands found for the ideal cubic structure. The bands are in general not degenerate, leading to the possibility of direct interband transitions; however the different orbital symmetry of the different bands means that the matrix elements are very small, especially in the lower frequency regime, so that the cubic and Allen results are very similar. (At higher energies, interband transitions have some effect).
The middle panel shows the bands of the cubic structure, folded into the Brillouin zone of the experimental structure. The backfolding creates the possibility of many low-lying interband transitions, but of course in the cubic structure these transitions are not optically active. The lowest panel shows the band structure obtained for the experimental structure. The octahedral rotations reduce the overlap between states on different sites, causing a clearly visible band narrowing. The zero frequency conductivity of the orthorhombic case is thus smaller (by a factor of ∼ 3) than the cubic result (see inset Fig. 1 ). The rotations also allow matrix elements between nearby states, opening additional mini- gaps where the cubic bands cross, further flattening the bands at the Fermi level and, crucially, activating optical matrix elements between the backfolded bands. Starting at ω ∼ 1 meV, these become important, changing the functional form of the conductivity. At high frequencies the experimental and cubic structure conductivities become very similar, as the small gaps are unimportant.
To study the nature of the non-Fermi-liquid effects in the conductivity of CaRuO 3 we present in Fig. 3 a plot of the real and imaginary parts of the self-energy calculated for one of the three t 2g orbitals (the self-energies associated with the other two are similar). Also shown is a fit of the self-energy to the functional form
Here Z is a dimensionless constant giving the mass renormalization m /m ≡ Z −1 , T is the temperature and the characteristic energy Ω 0 sets the scale of the scattering rate. The parameter b is one (Fermi liquid) for the plotted orbital but about 2 − 3 for the other two perhaps because the coherence temperature is not quite reached. From Fig. 3 we see that at very low frequencies pronounced ( 50%) deviations occur. On the positive frequency (electron addition) side the imaginary part of the self-energy saturates for ω 0.1 eV and the real part loses most of its frequency dependence. On the negative frequency (electron removal) side the imaginary part of the self-energy increases (although not as rapidly as the Fermi liquid ω 2 ) and exhibits a large peak (not shown) at ω ∼ −1 eV. The low frequency scales at which deviations from Fermi liquid behavior occur are characteristic of multiorbital systems with sizeable Hund's coupling [23] .
At very low frequency ( 7.5 meV), ω < πT and the scattering rate is in effect constant. In this regime the cubic and Allen-formula conductivities in Fig. 1 are indeed well described by a Drude form with frequency independent scattering rate Γ Drude = 2Z(πT ) 2 /Ω 0 ≈ 1.4 meV. However, the orthorhombic structure is different. For frequencies greater than ∼ 1 meV interband transitions cause the conductivity to decay much less rapidly than expected from the Drude formula.
Suppose now that the self-energy were well described by the Fermi liquid form even at frequencies higher than ∼ 20 meV. Inserting Eq. (4) into the Allen formula Eq. (1), setting temperature T = 0 and scaling the internal integration variable by the external frequency Ω gives
. (5) The real part of this expression is quite similar to the Drude form, giving an approximately Lorentzian decay with decay constant Ω 0 /Z ≈ 80 meV. Inspection of the upper inset of Fig. 1 shows that for Ω 100 meV this conductivity becomes much smaller than either the cubic or the experimental system conductivity. This difference is a signature of non-Fermi-liquid physics. It arises from the saturation of the scattering rate and strong decrease of the mass [20] (6) for different cases considered in this paper and compared to quasiparticle mass and the imaginary part of the single particle self-energy.
in Fig. 3 . Further the similarity of the cubic and experimental structure conductivities in this frequency regime shows that here band structure effects are of less importance implying that information about the self-energy may be extracted from the conductivity. Formally inverting Eq. (1) or Eq. (3) to obtain selfenergies from measured conductivities is an ill-posed and essentially not solvable inversion problem. However the widely used 'memory function' method [24] provides considerable insight. The typical procedure is to express the complex conductivityσ in terms of an optical mass enhancement λ opt and scattering rate Γ opt defined as
The objects λ opt and Γ opt are often interpreted as mass enhancement and scattering rate respectively and assumed to provide information about the electron selfenergy. Their frequency dependence is determined by the frequency dependence of the complex conductivity while the overall magnitude is determined by the con-
Reσ(ω)dω. In the two panels of Fig. 4 we present the λ opt and Γ opt determined from our calculations, using the directly computed sum rule values K cubic = 0.165 eV and K ortho = 0.153 eV (computed for the orthorhombic b direction).
For the cubic and Allen formula cases, where interband transitions are not important, the scattering rate found from the memory function is in reasonable agreement with a particle-hole average of imaginary part of the self-energy. The scattering rate magnitude is correctly estimated and the low frequency ω 2 behavior is clear as is the frequency scale ∼ 50 meV at which the self-energy deviates from the Fermi liquid ω 2 . The low frequency limit of the mass corresponds precisely to the quasiparticle mass enhancement and the decrease of mass at higher frequency reflects the flattening of the ReΣ curve [7] .
For calculations performed with the experimental structure the situation is different: at low frequencies the inferred scattering rate is too large by a factor 2−4 and has the wrong concavity. In fact the inferred scattering rate is roughly consistent with an ω 1 2 behavior and similarly over a limited low frequency range the optical mass can be fit as ω − 1 2 . This suggests that caution is warranted in performing a memory function analysis of the low frequency data on GdFeO 3 -distorted materials. However the reasonable correspondence at higher frequencies (ω 100 meV) between the optical scattering rate and the imaginary part of the self-energy (averaged over positive and negative frequencies) again confirms that in this range the conductivity does give a reasonable estimate of the magnitude and the saturation frequency of the selfenergy, and in this sense reveals non-Fermi-liquid behavior of the Hund's metal kind.
In summary, using CaRuO 3 as an example we have shown that real materials effects, in particular a multiplicity of optically allowed low-lying transitions arising from band folding due to rotational and tilt distortions, can produce a low frequency conductivity of the form previously associated with non Fermi liquid physics. This calls for a reexamination of other reports of unusual optical response, for instance in SrRuO 3 , where the ground state is ferromagnetic and where the magnitude of the orthorhombic distortion is less. It is also important to examine the implications for the temperature dependence of the inferred optical scattering rate in light of the discussion [25] [26] [27] [28] [29] of temperature dependences quantitatively inconsistent with the (2πT ) 2 expected from Fermi liquid theory.
